Theory of the isotope shift of the centroid energies of light few-electron atoms is reviewed. Numerical results are presented for the isotope shift of the 2 3 P -2 3 S and 2 1 S-2 3 S transition energies of 3 He and 4 He. By comparing theoretical predictions for the isotope shift with the experimental results, the difference of the squares of the nuclear charge radii of 3 He and 4 He, δR 2 , is determined with high accuracy.
I. INTRODUCTION
Helium is the simplest few-electron atom that can be calculated ab initio [1] and measured with a very high accuracy. Optical measurements in 3 He [2, 3] and 4 He [4] has recently reached the relative precision of few parts in 10 −12 . Such measurements are sensitive to the nuclear size effect on the level of 10 −4 . They are approaching the level that might allow an improved determination of the Rydberg constant, which is currently considered as the one of the best known fundamental constants [5] . The accuracy of the present-day experiments is high enough for an accurate spectroscopic determination of the nuclear charge radii of 3 He and 4 He. Such determination would be of particular interest in view of the discrepancy for the proton charge radius observed in the muonic hydrogen experiment [6, 7] . The follow-up experiment on the muonic helium [8] might soon bring the charge radius of helium into focus.
Unfortunately, the present-day theory of the energy levels in helium [9, 10] is not good enough to provide the nuclear charge radii of 3 He and 4 He with the required precision. A more feasible task at present is the highprecision determination of the nuclear charge difference of these isotopes, which is extracted from the isotope shift of the transition energies. In the current paper we make a review of the theory of the isotope shift in light few-electron atoms, describe our calculation of the isotope shift for helium, and determine the difference of the squares of the nuclear charge radii of 3 He and 4 He, δR 2 . The results of the δR 2 determination have already been published in Ref. [3] . In this work we present details of the calculation and the underlying theory.
We define the isotope shift of two isotopes as the difference of the centroid energies. More specifically, we are presently interested in the centroid energies of the 2P and 2S states, which are defined as an average over all fine and hyperfine energy sublevels,
where 2S+1 L denotes the state with the angular momentum L and the spin S. This definition of the isotope shift differs from the definition sometimes used previously (e.g., in Refs. [1, 2, 11] ) by the fact that we average out not only the hyperfine but also the fine-structure splitting. The advantage of using the centroid energy is that its theory is much more transparent as compared to that of the individual sublevels 2 2S+1 L J,F . Moreover, the centroid transition energy can be directly accessed in an experiment, by measuring all independent fine and hyperfine transitions and averaging them out.
Theory of the isotope shift is much simpler that theory of the energy levels because only very restricted set of operators contribute to it. Specifically, only the operators that depend on the nuclear mass or the nuclear size contribute to the isotope shift. In addition, due to the averaging over the fine and hyperfine energy sublevels in (1), all operators that depend the nuclear or the electron spin do not (almost) contribute to the isotope shift. More exactly, such operators may contribute only through the second-order perturbations, most of which are negligible at the level of the present interest.
II. THEORY
Within the nonrelativistic QED approach, energy levels of atoms are represented by an expansion in powers of the fine-structure constant α,
where
is a contribution of order α n and may include powers of ln α. Each of E (n) is in turn expanded in powers of the electron-to-nucleus mass ratio m/M
where H 0 ≡ H (2) ∞ is the nonrelativistic Hamiltonian in the nonrecoil limit and E 0 ≡ E (2) ∞ is its eigenvalue. We checked that, for P states, the perturbation expansion results are in a very good agreement with the nonpertubative treatment.
B. Relativistic recoil
The leading relativistic correction to the energy is given by the expectation value of the Breit-Pauli Hamiltonian H (4) [12] . The Breit-Pauli Hamiltonian with the full reduced-mass dependence is given by:
where σ a is the vector of Pauli σ matrices acting on the a electron. The Breit Hamiltonian without the reduced mass dependence (i.e., with µ → m) will be denoted by H
∞ .
We are presently interested in the recoil corrections to the Breit contribution. First of all, there is a recoil correction induced by the reduced mass in Eq. (10),
The first-order recoil correction E
M,1 is induced by the recoil addition to the Breit Hamiltonian and the second-order perturbation correction of the non-recoil Breit Hamiltonian H (4) ∞ and the mass-polarization operator H (2) rec ,
where the recoil addition to the Breit Hamiltonian is
The first term in the above formula represents the electron-nucleus spin-orbit interaction, whereas the second term is induced by the electron-nucleus orbit-orbit interaction.
The second-order recoil correction E (4) polarization operators H
rec ,
The second part is the second-order perturbation correction of the recoil Breit Hamiltonian H
rec and the masspolarization operators H (2) rec ,
The third part is the Darwin term, which reads for the I = 1/2 nuclei,
The Darwin term is zero for spinless nuclei.
C. QED recoil
The leading QED correction E
∞ in the nonrecoil limit is given by [13, 14] 
where the singular operator r −3 is defined by
where γ is the Euler constant. The Bethe logarithm is defined as
The recoil correction E
M consists of three parts [15] ,
and (m/M ) E 3 is the first-order perturbation of E
∞ due to the mass-polarization operator H (2) rec .
D. Higher-order recoil corrections
The QED correction of order m 2 α 6 /M was estimated by using the hydrogen results [5] ,
The first term in the brackets in the above equation is due to the reduced mass scaling of the A 50 one-loop QED contribution, the second term is the radiative recoil correction, and the third term is the pure recoil contribution. Another important correction of order m 2 α 6 /M comes from the second-order hyperfine correction. We keep only the important part of this correction for the 2P states, which is enhanced by the small 2 3 P − 2 1 P energy difference in the denominator. This correction is referred to as the hyperfine mixing contribution and is given by, for the 2 3 P state,
where H
hfs is the operator responsible for the leadingorder hyperfine structure splitting,
Here
, g is the nuclear g factor, and I is the nuclear spin. We note that the last term in Eq. (26) does not contribute to the hyperfine mixing. For the 2 1 P state, the hyperfine mixing contribution is given by the same expression (25) with the opposite overall sign.
E. Nuclear polarizability
The nuclear polarizability correction to the energy levels can be represented as
The coefficient α pol in the above formula was evaluated [16] 
Somewhat smaller values were later obtained in Ref. [17] , the difference being not important at the level of interest of the present investigation.
F. Finite nuclear size
The finite nuclear size correction to the centroid energy is
where R is the root-mean-square (rms) nuclear charge radius and f fs is the remainder containing all higher orders in the Zα expansion. We use the estimation for the constant f fs ≈ 0.16 obtained from the numerical results for the 1s state of H-like ions [18] .
III. THEORETICAL RESULTS
Our main goal in the present investigation is the determination of the difference of the nuclear charge radii from the isotope shift. To this end, we separate our theory of the isotope shift into two parts. The first part is the theory the isotope shift for the point-like nucleus. The second part is the calculation of the finite nuclear size effect, which is parameterized as δE fs = C R 2 , where R is the rms nuclear charge radius and the coefficient C is calculated numerically. After that, a comparison of the experimental value with the theoretical results for the isotope shift allows us to extract the difference of the squared rms nuclear charge radii of the two isotopes.
Numerical results of our calculation of the isotope shift of the 2 3 P -2 3 S and 2 1 S-2 3 S transitions for the point nucleus are presented in Tables I and II, respectively. The first four lines of the tables display the numerical results for the nonrelativistic (∼ α 2 ) recoil corrections given by Eqs. (5), (7), (8), and (9), respectively. The next three lines of the tables contain the results for the relativistic (∼ α 4 ) recoil corrections given by Eqs. (11), (12), and (14)- (17), respectively. The eighth line of the tables contain the QED (∼ α 5 ) recoil corrections given by Eqs. (21)- (23) . The line labeled as mα 6 m/M contains the hydrogenic approximation of the higher-order QED effects as given by Eq. (24) . The uncertainty ascribed to this correction represents our estimation of the uncalculated QED effects of order α 6 and higher. Finally, the lines labelled as "Hfsmix" and "NPol" contain the hyperfine mixing correction defined by Eq. (25) and the nuclear polarizability correction given by Eq. (27), respectively.
The uncertainty of the total theoretical values of the isotope shift for the point-like nucleus comes from the uncalculated higher-order QED effects. Note that our estimation of this uncertainty is much larger than the one reported previously in Ref. [1] .
The difference of the theoretical point-nucleus values and the experimental isotope shift results should come solely from the finite nuclear size effect. The finite nuclear size correction to the centroid energy can be parameterized as
with C being a coefficient to be calculated numerically. According Eq. (28), the coefficient C has some dependence on R, but it is very weak and can be neglected at the level of present interest. The results of our calculations of the coefficient C for the 3 He-4 He isotope shift of the 2 3 P -2 3 S and 2 1 S-2 3 S transition (centroid) energies are (7) a Corrected by adding the triplet-singlet hfs mixing contribution, in order to compensate the difference in the definitions of the isotope shift.
These results can be compared with the previously reported values C(2 3 P − 2 3 S) = −1209.8 [1] and C(2 1 S − 2 3 S) = −214.40 [20] .
IV. NUCLEAR CHARGE DIFFERENCE
We now turn to the determination of the nuclear charge radii difference from the isotope shift. Specifically, by comparing theoretical and experimental values of the centroid energies of different transitions in 3 He and 4 He, we extract the difference of the squares of the nuclear charge radii,
Using the experimental results for the 2 1 S − 2 3 S transition energies in 3 He and 4 He from Ref. [2] and taking into account the experimental hyperfine shift of the 2 3 S 1 state, we obtain δR 2 as described in 
This value is somewhat different from the original result of Ref. [2] , δR 2 = 1.019 (11) fm 2 because of the updated theoretical prediction for the 2 1 S − 2 3 S isotope shift (see Table I ).
The second experiment on the helium isotope shift suitable for the determination of δR 2 is the measurement of the 2 3 P -2 3 S transition energies in 3 He and 4 He in Refs. [3, 4] . Using these experimental values and the theory summarized in Table II 
We observe that the two results from the 2 3 P − 2 3 S transitions, (34) and (35), are in reasonable (although, marginal) agreement with each other, but deviate significantly from the result deduced from the 2 1 S − 2 3 S transition (33). The reason of this discrepancy is not known at present.
V. CONCLUSION
In the present work we have summarized the theory of the isotope shift of the centroid energies of light fewelectron atoms. Numerical results are reported for the isotope shift of the 2 3 P -2 3 S and 2 1 S-2 3 S transition energies in 3 He and 4 He. As compared to the previous evaluations [1, 19] 
